Abstract-In this paper, we study the pull-in effect for rectangular electrostatic torsion actuators by using analytical calculations that include the higher order effects of nonlinear spring bending. The calculation approach speeds the design of such systems. The method is found to be suitable for actuators with single long beam springs where the ratio of the resonant frequencies for the torsion and bending modes is up to at least 3.5, in the region where bending dominates torsion. After fitting the theory in this paper to Coventor simulation results with three nonphysical coefficients, the fractional differences between Coventor simulation and analytical calculation results are smaller than 6%. The method is also suitable for at least one class of folded spring designs, with greatly decreased bending mode displacement. The main results are also verified by comparing them with published experimental results.
I. INTRODUCTION

E
LECTROSTATIC torsion actuators are an important component in microelectromechanical systems (MEMS), especially for application in the emerging all optical telecommunications network such as cross-connects, switches, and variable attenuators [1] . A number of papers address rectangular torsion actuators and the related pull-in voltage [2] - [13] , beyond which the applied electrostatic torque overcomes the spring restoring torque. In addition to pure torsion, however, the springs can also experience bending, especially for the softer designs required in low voltage applications, with small spring aspect ratios or long springs. Recently it has been shown that the bending-mode effect can seriously influence torsion-mode pull-in performance [11] . In [14] , the "leveraged bending" and "strain-stiffening" methods were examined to extend the travel range of electrostatic actuators. An analytical approximation showed the strainstiffening effect could be used to achieve a stable travel distance up to about 3/5 of the gap, which exceeds the 1/3 gap distance limit for elastically suspended parallel-plate electrostatic actuators. In [13] and [15] , Nemirovsky and Degani analyzed the Duffing spring for bending modes using a 1-DOF pull-in model, and generally discussed the effect of two coupled degrees-of-freedom on the pull-in parameters of electrostatic actuators. In this paper, nonlinear spring bending is included in the calculation of torsion electrostatic actuator pull-in based on torque and force equations. Calculated results are verified by comparing them with finite element Coventor simulations.
Manuscript received May 7, 2002 Fig. 1 shows a schematic view of an electrostatic rectangular torsion actuator consisting of two identical springs, a movable plate and a stationary electrode. The horizontal distance from the center of the springs (i.e., the axis of rotation) to the nearest edge of the fixed electrode is . and are the horizontal distances from the center of the springs to the end of the electrode and to the end of the movable plate, respectively. The electrode/plate width is . The vertical separation distance is at zero volts. The length, width, and thickness of each spring are , , and , respectively. Before pull-in, the movable plate will be rotated an angle because of the electrostatic torque that arises when a voltage is applied on the electrode. At the same time, the springs will be bent a net vertical displacement at the end of the spring because of the electrostatic force. In Fig. 1 , the vertical separation distance between the electrode and the movable plate is , which equals , at applied voltage . At small angles and before pull-in, the mechanical torque, equals the electrostatic torque [10] , i.e.,
where and are the dielectric constant of the vacuum and the linear torsion mode spring constant, respectively. When , the torsion mode spring constant can be written as (2) where is the shear modulus and equals 0.73 for silicon [10] .
To include nonlinear bending in the calculation, at small angles and before pull-in, the mechanical force, equals the electrostatic force , i.e., (3) where and are the linear and nonlinear spring constants of the bending mode movement, which can be written [16] , [17] (4) (5) where is Young's modulus in the direction of the bending. In this paper, is 1.31
for (100) silicon [10] . of two springs, a movable rectangular plate, and a stationary electrode. a is the distance between the axis of torsion to the nearest edge of the electrode plate, a is the distance to the end of the plate, a is the distance to the end of the proof mass. d is the air gap depth and b is the width of the rectangular plate.
In typical designs, is much smaller than or and can be neglected, . Equations (1) and (3) can be written as
With the iteration method, the tilt angle and the vertical bending displacement at any voltage can be calculated. At the pull-in point, , i.e.,
with (9) Combining (6) and (8) The resonant frequency for the torsion mode is determined using [11] (15a) where is the mass moment of inertia about the rotation axis, which can be written as [11] (15b) The linear resonant frequency of the bending mode can be written as (15c) where is the total mass of the suspended structure
With the simplifications in (15b) and (15d), the ratio of , , can be written as
In this paper, , is used to evaluate the extent of the bending mode effect.
Equation (11) can be also written as (16) Equations (10), (12) , and (13) can be further written as (17) (18) (19) Equations (17) and (18) define the fractional tilt, , and bending, , at pull-in, which are only determined by the electrode length ratio , the ratio of the resonant frequency for the torsion mode to linear resonant frequency of the bending mode , [see (15e)], the ratios of to and to . These two equations define and for rectangular actuators when is much smaller than and and the mass moment of inertia and the mass of the two springs are much smaller than those of the main rectangular plate.
IV. NORMALIZATION OF TILT ANGLE, VERTICAL BENDING DISPLACEMENT AT PULL-IN FOR ACTUATORS WITH EXTRA-LONG SPRINGS
If the spring length is too long, the mass moment of inertia and the mass of the two springs cannot be neglected. Equations Usually the influence of the mass moment of inertia of the two springs on the total moment is much smaller than that of mass of two springs on the total mass, and in (24c) can be neglected. By substituting (24a)-(24c) into (21) . The curves for represent the calculation results with only linear bending, where approaches 1/3 with increase of , which is a well-known result. When , the effect from nonlinear bending spring coefficients is neglected in (16)- (19) . When is larger than 1, the bending mode is dominant.
increases with increasing at a given large value. For the curves where or 2, i.e., the vertical separation distance at zero volts is equal or double to the structure thickness , is larger than 1/3 at large , which means nonlinear bending will make the vertical bending ratio larger than 1/3. This phenomenon has been discussed previously in [14] . At , the three curves are close until , which means that a nonlinear bending calculation is needed when is larger than 1.6. At , a nonlinear bending calculation is needed when is larger than 0.7. Usually is much smaller than , this makes is much smaller than 1.0. The effect of on can be neglected. At , , , and , , , which is little different from , at . Fig. 3 shows the fractional tilt at pull-in versus the resonant frequency ratio at and 1.0 with , 1, and 2 at . decreases with the increase of . also increases with the increase of at a given large value. When approaches 0, approaches 1 at and 0.4404 at , which is the result in [11] , [13] . For , the nonlinear bending calculation is needed when is larger than 0.3 at . For , the nonlinear bending calculation is needed when is larger than 0.7. from 100 to 5000 . These parameters make , , , and from 0.0697 to 3.485. In Coventor 2001 finite element software, the pull-in parameters are calculated by iteratively approaching the pull-in voltage with decreasing voltage increments [8] , [9] , [18] , [19] . , the pull-in voltage convergence is set to be 1 to 1 limited by the simulation time in Coventor, whereas the convergence used for calculations is about 2 . After studying Figs. 5 and 6, we have also found that another main reason for the large fractional differences at very long spring length (4000 and 5000 ) for fractional bending and tilt at pull-in compared to FEM results may be that we are using a too large nonlinear bending spring constant, which will greatly influence the pull-in parameters for long spring beams. We suspect that the fourth and fifth order nonlinear spring constants need to be considered for these cases, but these equations are not available in the literature. This effect can be simulated by including a multiplying coefficient along with the nonlinear spring coefficient.
Dr. Osterberg's dissertation has proposed an analytical model functional form that is fit to extensive FEM results based on the effective spring constant concept, . The method has been used for cantilever beams, fixed-fixed beams, clamped circular diaphragms and rectangular torsion beams [8] . After fitting to the extensive FEM results, his model shows a very good accuracy. As in Dr. Osterberg's dissertation, 3 multiplying parameters for , for and for are used to fit the analytical results to FEM results. Fig. 7 shows fractional differences of , and between calculation results of the fitted nonlinear bending/torsion model and Coventor simulation results with , , and , which shows that the differences are smaller than 6% across the whole region. It seems that the selected fitting parameters are suitable for the long spring beams described in this paragraph, which display large error when not fitted. Table I shows the simulation results using Coventor with different convergence and node number, and calculation results with nonlinear and linear bending/torsion models for an actuator. It shows that there is 2-3% difference for fractional tilt angle using Coventor for different meshing and convergence. The results with fitted nonlinear bending/torsion model show fractional differences smaller than 1.7% in comparison with FEM simulation results. 
VI. APPLICATION FOR ACTUATORS WITH FOLDED SPRINGS
To save device area on a wafer, folded springs are often used to replace long beam springs in real applications. A relatively large value of bending mode displacement allowed by the long beam springs can be decreased by using suitable folded springs. Fig. 8 shows a top view a kind of folded spring that is centered about the initial torsion axis. In one example, the springs have three long sections of length 400 , 385 , and 400 , respectively. In addition, the structure has two short arms (18 long) to connect the spring to the movable plate and the fixed base. The 385--long center part of the spring is located in line with the end of the movable plate and the two short arms. Other parameters for this actuator are , , , , and . Because of the symmetric design, this folded spring can be simplified as the series connection of the lengths of each segment, roughly 3 . The linear and nonlinear spring constants of the bending mode movement become (25) (26) where is the number of spring segments. is the base segment length. Using the same methodology as for individual long springs, the tilt angle and the bending displacement can be calculated at any applied voltage for actuators with symmetrically designed folded springs. Table II shows the angle at pull-in, the bending mode displacement and the pull-in voltage for two folded spring devices [2] determined using both the analytical calculations without fitting to FEM results of this paper and Coventor simulations. The table also shows the analytical results for comparable net length single spring devices. Only the structure thickness is varied for devices 1 and 2, being 10 and 29.5 , respectively. Notice that the fractional differences between the Coventor simulation and the analytical calculation results for the pull-in voltage, the bending mode displacement, and the angle at pull-in are smaller than 4%, 20%, and 5%, respectively, indicating good agreement between the two approaches. We note that the bending mode displacements for folded springs are much smaller than those for single long beam springs as shown in the Table II. For example,  if device 1 uses 1220 long single beam springs, the resulting bending displacement is roughly eight times greater than that for the folded spring device, with an accompanying 16% decrease in pull-in angle at comparable pull-in voltage.
The theory in this paper is found to be suitable only for electrostatic actuators with the class of symmetric folded springs illustrated in Fig. 8 . If the supporting short arms or the center part of the folded spring is located away from the end of the movable plate, the bending mode displacement will increase. Calculation shows that the theory without fitting parameters agrees better with the FEM simulation results than that with fitting parameters.
VII. COMPARISON BETWEEN THE THEORETICAL RESULTS IN THE PAPER WITH PUBLISHED EXPERIMENTAL RESULTS
Reference [2] gives detailed spring, mirror plate and electrode parameters, detailed tested pull-in curves, bending displacement near pull-in and stress analysis. The mirror parameters: , ,
thickness), (spring thickness). The mirror material is aluminum. One figure in the paper shows the mirror tilt versus driving voltage.
In reference [2] , because of residual stress in their metal 2A (200 Mpa) and metal 2B (600 Mpa), the authors simulated a plate deformation of 0. 19 . We have simulated this effect with Coventor 2001 , and have found a comparable 0.18 bending at the end of the mirror plate at 0 V because of these stresses. As a result of the bending, the effective air gap now is . The measured overall vertical displacement is 0.3 at 14 V, which includes the original bending displacement of 0. 18 . The effective bending displacement is about 0.12 at 14 V. From one figure in this paper, it found that the pull-in voltage is between 14.0 V and 14.1 V. The pull-in angle is 2 . Table III shows the pull-in parameters (voltage, angle and bending) and their fractional differences between the calcula-tion or simulation results and the experimental results of [2] . The table reveals that the results with nonlinear bending spring constant (i.e., the results of this paper) may have the least error. Calculation shows that the theory without fitting parameters agrees better with the experimental results than that with fitting parameters. We suspect that different spring aspect ratio may be the main reason for this result. The theory with fitting parameters is based on devices with a spring aspect ratio of . The device in [2] has a much smaller spring aspect ratio of .
VIII. CONCLUSION
This paper has presented an analytical approach to model pull-in for rectangular electrostatic torsion actuators that includes the effect of nonlinear spring bending. The bending mode displacement and tilt angle are calculated as a function of applied voltage. The method is found to be suitable for actuators with long springs in which the bending seriously affects the torsion pull-in values. In addition, the method is valid for actuators with symmetric folded springs, which exhibit decreased bending mode displacement. The main results are verified by comparing them with Coventor simulations. The theory is compared with published experimental results.
